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Abstract. We have recently used unitarity and cross-unitarity properties @f,asymmetricR-
matrix to construct the transfer matnix:) for an N-site open spin chain. Here we give a fusion
procedure for such a chain, and we prove that the fused transfer matyixs commutative
with the original transfer matrix(u).

1. Introduction

It is well known that the integrability of two-dimensional lattice models is a consequence
of the Yang—Baxter equation [1, 2], which is usually written as

Rio(u — v) R13(u) R23(v) = Ro3(v) R13(u) Rio(u — v) 1)

where theR-matrix can be regarded as the Boltzmann weight for the vertex models in two-
dimensional statistical mechanics; as uskah(u), R13(u) andRx3(u) actinC" C"® C",

with Rio(u) = R(u) ® 1, Ro3(u) = 1 ® R(u), etc. It has been pointed out that the solution

of the Yang—Baxter equation can be related to some algebraic theories such as quantum
group and Sklyanin algebra. In the study of the Yang—Baxter equation the so-called fusion
procedure was developed to generate new integrable models corresponding to the group
invariant solutions of the Yang—Baxter equation from a known model.

Recently, much more attention has been paid to integrable systems with open boundary
conditions, which was initiated by Cherednik [3] and Sklyanin [4]. They introduced a
systematic approach to handle the finite-size systems which involve the so-called reflection
equation:

Ri2(u — v) Ky (u)Ro1(u + v) K, (v) = K5 (v)Ri2(u + v) Ky (u) Roa(u — v) 2
Rip(—u 4+ v)K; ()" Roa(—u — v — 2n) K, (v)"
= K5 (v)?Rio(—u — v — 2n) K ()" Roa(—u + v) (3

K:f(u) and K5 (1) are boundary matrices acting @' ® 1 and 1® C", respectively, which
determine uniquely the boundary terms in Hamiltonian, arid a constant characterizing

the R-matrix. Using this approach, Sklyanin [4] solved the open slpmxz model with

general boundary conditions by generalizing the quantum inverse scattering method (QISM).
The transfer matrix with particular boundary conditiondigs!(2)] invariant [5]. TheR-

matrix is assumed to satisfy both and7-symmetry as well as unitarity and cross-unitarity
properties. Because only a few models satisfy these properties, Mezincescu and Nepomechie
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[6] generalized Sklyanin’s approach of constructing integrable open chains to the case where
the R-matrix is only PT-invariant. So, all of the trigonometriR-matrices listed by Jimbo
[7] and Bazhanov [8] are of this type, and other models such as supersymmetric t—j models
[9] and the Perk—Schultz model [10] also satisfy these properties [11]. Correspondingly,
the reflection equations are extended to the modified reflection equations. The boundary
matricesk * () are solutions of the modified reflection equations.

However, for theZ, x Z, Belavin model [12, 13], where th&-matrix does not have
the property of PT-symmetry, the unitarity and cross-unitarity relations take a different
form from Sklyanin’s formalism and it's generalization. We have recently shown [14] that
one can only use unitarity and cross-unitarity properties af,asymmetric R-matrix to
construct the transfer matrix for an open chain; this transfer matrix forms a one-parameter
commutative family which ensures the integrability of the system under consideration. The
reflection equations take the following form;

Ri2(u — v)K{ (u)Ro1(u + v) K, (v) = K5 (v)Rio(u + v) Ky (u)Roa(u — v) 4)
Rip(—u + v)K; (u)Ror(—u — v — nw) K5 (v)
= K5 (V)Rio(—u — v — nw)K{ () Rpr(—u + v). (%)

Obviously, there is an isomorphism betwekn (u) and K~ (u),
¢ K () > K*(u) = K~ (—u — 3nw). (6)

This relation means that given a soluti& (1) of (4), one can also find a solutiaki* ()
of (5).

Mezincescu and Nepomechie have formulated a fusion procedure for boukdary
matrices corresponding to a@rmatrix which is PT-invariant; these results can be used to
construct integrable open chains of higher spin [15,16]. By using this approach, Yu-kui
Zhou has studied the fused six-vertex models with open boundary conditions. The central
charge and conformal weights of underlying conformal field theory are extracted from finite-
size corrections of the fused transfer matrices for low-lying excitations [17]. He has also
studied the functional relations of the transfer matrices of fusion hierachies for the eight-
vertex model with open boundary conditions [18]. For RSOS models, the fusion procedure
for the reflection matrixk* of the reflection equations has been presented in [19]. It is
known that theZ, Belavin model reduces to Baxter’s eight-vertex model in the ease?.

By taking a limit of theZ, symmetric BelavinR-matrix, one can obtain a trigonometric
R-matrix from which we can obtain the quantum grotip(n) [20]. Whenn = 2, this
R-matrix is just a six-vertexR-matrix. In this paper, we will formulate a fusion procedure
for the Z,, Belavin model with open boundary conditions. The fused transfer matuix
can be proved to be commutative with the original transfer mateiy.

The outline of this paper is as follows. In section 2, we constructzhBelavin vertex
R-matrix. In section 3, we carry out the fusion procedure for R matrices. In section 4,
we formulate the fusion procedure for reflecti&t matrices. Section 5 is devoted to the
fused transfer matrix with open boundary conditions. A proof that the fused transfer matrix
commutes with the original transfer matrix is given. Section 6 contains a brief summary
and some discussions.

2. Description of the model

First, we construct the matrix of vertex weights of the Bela¥j® Z,, symmetric model. Let
g, h, I, ben x n matrices with elementg;, = /8, hjx = 8j11.4, o = liar.ar) = §%20*,
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Io=1I, wherei, j, k, o1, 02 € Z,, » = €/, Definell) =I1®--- ®L,®I®---®1,1,
is at jth space.

1, o
9[% n }(quw,r)
5+ % " oo (U + 7))
Wo(u) = —=2 1= = - (7)
s+ | w 0u ()
o1, & |CHD) "
2t
where
e[ﬂ(u,r)z Y explin(m + a)’t + 27i(m + a)(u + b)). (8)
meZ
The Z, symmetric BelavinR-matrix takes the form
1 N
Rix) == 3 Wa) U 9)

acZ?
This satisfies the Yang—Baxter equation (1). The elements akthmatrix have been written
out explicitly by Richey and Tracy [13].
hw)0 D (u + w)
R () = § (00 (w)o* =D (u)
0 otherwise

fori+ j=k+1 modn

(10)

where

n—1 i

n—1 1 i
h(u) = ]_[9<f>(u)/]_[9<f>(0) 0D (u) = [2 " ] (z,n71).
j=0 i=1 2

The R-matrix of theZ, Belavin model satisfies the following initial condition, unitarity and
cross-unitarity properties:

R12(0) = P12 (11)

Rip(u)Ro1(—u) = p(u) - id (12)

R'llz(u)thzl(—u —nw) = p(u) -id (13)
where

o(u+ w)o(—u + w)

p(u) = o2(w)

- o(u)o(—u — nw)

pu) = o2(w)

o) = og(u). (14)
P, is the permutation operator.

Define
«(u +
Wo(u, £) = %@f) (15)
1
K, &) =~ ZZ Waa (i, £)* % I, (16)

where £ is an arbitrary parameter. We have proved in [14,21,22] Katu, & ) =
K (u, £_)K (0) is a solution of the reflection equation (4), and, correspondirfgiy(u, £,) =
K(—u —1/2nw, £,)K (0) is a solution of the reflection equation (5).
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3. Review of the fusion procedure of theR-matrix

We describe first the fusion procedure of thg symmetric Belavin vertex model. From
(10) we have [23, 24],

Riz(—w) = A™ P, Rip(w) = PLA* (7)
P5 = (14 Pp). (18)

One should notice the order of* and P*. We can prove easily that det*) # 0 as
T — ioco or w — 0. This leads to de¢A®) = 0 for almost allw. Hence matrices\* are
invertible for almost alw. We refer the readers to [23] for the details of the matrigés
Note that these relations are essential for establishing the fusion procedure.

We define the fuse®-matrix as

Ruzs(u) = PHR13(u) Ros(u + w) P, (19)

By using the original Yang—Baxter equation (1) several times, we can prove that the fused
R-matrix satisfies the following generalized Yang—Baxter equation:

Ri123(u — v)Ru2a(u) R3a(v) = R3a(v) Ruoa(u)Ri1n3(u — v). (20)
Similiarly, we can also define another type of fusRdnatrix
R (u) = PlHR3o(u — w) Ra1(u) Py (21)

satisfying a generalized Yang—Baxter equation. Actually we can construct a fusion hierarchy
of the Z, Belavin vertexR-matrix satisfying the generalized Yang—Baxter equations:

Rslsz(u - U)Rsl.s‘g (u)RS2S3(v) = RSzSg(v)Rsl.s‘3 (u)R.s‘lsz(u - U)' (22)
It is convenient to introduce the following notations

Ri123u) = Rpps(u — w) (23)

R/3(12> (u) = R3<21> (u + w). (24)

Next, we will find the unitarity and cross-unitarity relations of the fugednatrices
which are essential in the rest of our paper. We list here two forms of the unitarity relations
of the fusedR-matrices:

Ru23u) Rz (—u) = p(w)p(u + w) P = f(u) P (25)
R/3(12) (“)R212>3(_”) = pu)pu + w)P£ = f(u)P;i (26)

which follows directly from the unitarity relation (12).
As for the cross-unitarity relations of the fus@&lmatrices, we find:

R/t33<12>(—u — nw)R’tflm(u)

1
== ﬂZaWa(—u — nw) W) X Wy(—u = nw + w) W, (u — w)
apy
Iy @ 15, @ DL LY = fu)p(u —w) - Py = f(u) - P (27)

Here we have used the cross-unitarity relation (13) of the origiwhatrix. We can
similiary find another form of cross-unitarity relation for the fusRematrix:

RE25(—u — nw)RG%, () = f(u) - P (28)
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4. Fusion procedure for the reflection K-matrices

In this section, we will formulate a fusion procedure for reflectibmatrices. As mentioned
above,K* matrices determine the non-trivial boundary terms in the Hamiltonian. So the
fused K-matrices determine the boundary terms of the higher spin chains.

We will employ the same method used for tRematrix for the reflectionk -matrix.
Taking v = u + w, with the help of equations (17), the reflection equation (4) becomes

A™PLK; () Ro1(2u + w)K5 (u + w) = K5 (u + w)Ri2(2u + w)Ky (u)A_Pyy. (29)
This leads to the relation

PLK{ (u)R21(2u + w)K, (u + w) P,y = 0. (30)
Hence, we can define the fus&d- matrix as

K15 () = PHK T () Ra1(2u + w) Ky (u + w) Py (31)

One can prove that the fused reflectiah- matrix satisfies the following generalized
reflection equation:

R3p12 (u — v) K3 () Rz + v) K 15 (v) = K 15 (V) R'3012 (4 + v) K3 )R 1123(u — v)
(32)

as follows from the Yang—Baxter equation (1) and the reflection equation (4). Similiarly,
following the same strategy employed f&—, we can also find the fusion procedure for
K™T. Settingv = u — w, the fusedk ™ matrix takes the form
K ) = PLKS (u)Roa(—2u + w — nw) Ky (u — w) Prb. (33)
By using the Yang—Baxter equation (1) and reflection equation (5), we are led to the
following generalized reflection equation for the fused reflecttoh matrix:
Rg(lz)(—bt + U))K;_(M)R(lg)g(—u — UV — nw)K:]__Z)
= Kaz)(v)ng,(lZ)(—M —v—nw)K3 W)R 123(—u + v). (34)
Comparing the two generalized reflection equations (32) and (34), one can also find an
isomorphism between fuseki™ and K~ matrices. This means that equation (6) still holds
for fused K -matrices.
Here, we will present another form of the generalized reflection equation (32) for the
fused K~ matrix:
R340 (u — v)K3 ()R 123(u + v) K 21, (v — w)
= K 51,(v — w)R3p12 (u + v) K5 () Riazz(u — v). (35)
This can be obtained from equation (32) by using the transformasipace 1<« space 2
V—>UV—Ww.

5. The fused transfer matrix with open boundary conditions
It is well known that in the framework of the quantum inverse scattering method [25] the
Yang—Baxter equation takes the form

Rip(u — v)T1(u) T2(v) = T2(v) T1(u) Rio(u — v) (36)

whereT (u) is the standard row-to-row monodromy matrix. Using the same fusion procedure
for the R-matrix, one can obtain the fusion procedure for the monodromy matrix

Taz () = PLTI(w) Ta(u + w) P (37)
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satisfying the relation
R3u2 (u — v)To(u) T2 (v) = Tiap (v) T3(u) Rz (u — v). (38)

Denoting7 ~1(—u) by T () as used by Mezincescu and Nepomechie [15], we can transform
the Yang—Baxter equation:

Rio(v — ) To(0) T1(w) = T1(u) To(v) Ruz(v — u). (39)
Repeating the same fusion procedure, we find

Tuzy W) = PLT2(u — w)Ta(u) P (40)
which satisfies the relation

Ruz3(v — u)T3(v) Tz (u) = Tz ) T3(v) Ragav — u). (41)

In the case of open boundary conditions, we define the double-row monodromy matrix
as

Tw) =TwK @)T ) (42)
satisfying the same reflection equation as that whkch satisfied:
Riz(u — v)T1(u) Ro1(u + v)To(v) = To(v) Ria(u + v) T (u) Roa(u — v). (43)
So we can similiarly find a fusion procedure for the double-row monodromy matrix:
Tz W) = P5T1(u) Roa(2u + w) To(u + w) Pyy. (44)

One can prove that the fused double-row monodromy matrix satisfies the same relations as
that of K 15 (u):

Ty (v — w) Rz (u + v)T3(u) Ri13(u — v)

= R'319 w — v)T3(u) R 123(u + v)To1— (v — w). (45)
Here, we will introduce another definition for the fused double-row monodromy matrix:
Tz () = Tz (W) K 15 () Tiony (u + w). (46)

The two definitions (44) and (46) can be proved to be equivalent to each other:
Tz () = Tag K 15 ) T2y (1 + w)
= To() Ky () Ta(ut + w) Ror(2u + w) Ty () K5 (u + w) Ta () To(u + w) Py
= To() Ky () T1() Ro1(2u + w) To(u + w) K5 (u + w) To(u + w) Pgy
= PLT (u)Ro1(2u + w)To(u + w) Py 47)
We know that the original transfer matrix with open boundary conditions is defined as
tw) =trKt )T (u). (48)

By using the unitarity and cross-unitarity properties of #hesymmetricR-matrix, we have
proved that this transfer matrix constitutes a one-parameter commutative family. For the
case of fusion, we define the fused transfer matrix with open boundary conditions as

1(u) = tr1z K o () Tiany (e — w). (49)

Next, we will prove that the fused transfer matrix commutes with the original transfer matrix
t(u), which means thaf(u) also forms a commuting family.
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We first insert the unitarity and cross-unitarity relations (26) and (27) into the following
relations:

H)T (v) = trizs K32 ) K ) () T3 ) Tz (v)

1 i
= trioz Ky (M)K (12 (V)
fuy

X{R G (—tts — nw) R 53 )V () T2y (v — w)

= ; tri2s( K3 () R 545 (—tty. — nw) K 15%(v))
Sfuy) flu-)
< {T3() R 1231 1) Tion) (v — w) Y2 R'355 ()R 55(—u))
1
— ~7t R/ —u_ t1t2t3K+l3 R/l3 _ N
Fun) f i) r23{R (123(—u-) 3 J(W)R'35 (—uy — nw)

KH”Z(v)}”’m{R/ (12 () T3) R 123(u1) T2y (v — w)}.
Here notations:. = u + v have been used. Then, applying the transpositian; and
using the reflection equations (34) and (35):
1
= - trizs{Rapuz (—u—_) K5 (W) Riaza(—uy — nw)Kf, (v)}
Fu) fuo) : e
{721 (v — w) Ra12) (u ) T3(u) Rz (u-)}

1
= o trioa{ K3 () K 15 (0) RS 5(—uy — nw)}
X {RG 2y () T35 (v — w)Ta(u)}

= tra K157 () T35 (v — w) tra K (u) Ta(u)
= 1)t (). (50)

Here the unitarity relation (25) and the cross-unitarity relation (28) have been applied. Thus
we have proved that the fused transfer matrix with open boundary conditions commutes
with the original transfer matrix with open boundary conditions.

6. Summary and discussions

In conclusion, we have formulated a fusion procedure forZheBelavin vertexR-matrix
model with open boundary conditions. We have obtained the fused refleCtimmatrices,
double-row monodromy matrix and transfer matrix with open boundary conditions. We
have also proved that the fused transfer matrix is commutative with the original transfer
matrix so that the fused transfer matrix also constitutes a commuting family.

In this paper, we have given a fusion procedure for ZheBelavin model. Following
the same method, one can generalize our formalism to higher levels. Defining the projector

Y= ! P P, 1 P I 51
p—ﬁ( 1pt+ et P+ 1) (P24 1) (51)
the fusedR-matrix can be given by [16]

Rip.q) (@) = Y[ (Rpyg (u — qw +w) -+ Rpo( — w)R(p1 ()Y,
R(p)j (@) =Y, Rij()Roj(u +w)--- Ryj(u + pw — w)Y, . (52)
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Following the method presented in this paper, we assume thedduekdK ~— matrix takes
the form

K, ) = YJ[Kl_(u)][Rm(Zu +w)Ky (w+w)]---

o [Rga(2u+ (g — DHw)Ry-11(2u + (g — Jw) - --

o Ra(2u + w)K, (u+ (g — l)w)]Y;“. (53)
Similarly, the levelg fused K™ matrix could be defined as
K ) = YK ][ Roa(=2u + w — nw) K5 (4 — w)] - --

- [Rgai(=2u+ (g —Dw —nw)---

- Ro(=2u +w —nw)K (u — (g — Hw)]Y, (54)
which satisfies the fused reflection equations.

Similar to the fusion of ther-matrix, the high-level fused row-to-row monodromy
matricesT (1) and T (1) are defined as

Tip.g) ) = Y, T1py ) Togpy (u + w) - - Ty (u + (g — Dw)Y,

Tyq ) = Y, Tagp) (u — qu) Topy (u — (g = Dw) -+ Ty (e — w)Y,F (55)
where

Tjon@) = RT” @RG" @) - R ()

Ty ) = R (=)t R (-7 (56)
Define the generalized fused transfer matrix with open boundary conditions as

(P ) =t K @) Tp.g) ) K i) ) T (). (57)

The fused Yang—Baxter equation and the fused reflection equations guarantee the following
commuting families:

[ w), 179 )] = 0. (58)

It is easy to see that>? (u) = 7(u), Y (u) = t(u) which have already been defined. So,
we have constructed a fusion hierarchy and one can extract the following functional Bethe
ansatz equations,

t(ﬁvq)(u)t(pm(u —w) = +(Pa+D (u)t(th—l) (u—w) + t(p+1“1)(u)t(p_1“”(u —w) (59)

satisfying thesu(n) fusion hierarchy. These functional equations can be converted into the
so-called thermodynamic Bethe-ansatz-like equations [26] and can be solved analytically for
finite-size scaling spectra, central charges and conformal weights [27]. For the eight-vertex
model, which has been studied in [18], for tHg Belavin model, this needs further studies.
We know that an important development in exactly solvable models with open boundary
conditions is the boundary cross-unitarity relation proprosed by Ghoshal and Zamolodchikov
[28,29]. The boundary cross-unitarity relations have been obtained for six-vertex, eight-
vertex and @n) sigma models; for the gener&®-matrix with n > 2, the cross-unitarity
relations have not been obtained before. By using the fusion procedure @y, tAelavin
model similar to the method in this paper, the boundary cross-unitarity relation has recently
been obtained [30] and it takes the form

[K~ )" = R(2u + nw)) K~ (—u — nw)] (60)
where a factor has been omitted,

K~ =CY,_ K, (u+ 1 —Dw)R,_1,u+ (2n — Jw) - --
Ky (u+w)Y, ) C (61)
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where C is a matrix related to theR-matrix. We know that by using the boundary
unitarity and boundary cross-unitarity relations one could obtain the boundary free energy
and surface critical exponents etc which are of interest to physicists. For the eight-vertex
model, this has already be studied by Batchebrl [31]. It is also important to obtain

the difference equations for the correlation functions of #HeBelavin model with open
boundary conditions following the method in [32].

For the Z, Belavin model with periodic boundary conditions, Hasegawa has given a
Macdonald-type operator which is equivalent to Ruijsenaars’ operators by using the fusion
procedure [33]. For open boundary conditions, using the commuting families obtained in
this paper, one could also find analogous Macdonald-type operators.
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